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1 . 0  INTRODUCTION 

- nn -.. i m p c ? r t a n t  p l a ~ f i i n g  c~nsideration for spa-cecra-f t  
c o n t r o l l e d  by r e a c t i o n  t h r u s t  methods i s  t h e  RCS p r o p e l l a n t  
budget .  I n  long  d u r a t i o n  e a r t h  o r b i t a l  mi s s ions  most of t h e  
p r o p e l l a n t  i s  expended i n  a t t i t u d e  h o l d  o p e r a t i o n s .  E s t i m a t e s  
of p r o p e l l a n t  requi rements  f o r  nominal o p e r a t i o n  i n  p r e s c r i b e d  
a t t i t u d e  modes can b e  achieved v i a  computer s i m u l a t i o n  s t u d i e s .  
However, such estimates may b e  d e c e p t i v e l y  law because  of 
i n e v i t a b l e  system and envi ronmenta l  parameter  d i s p e r s i o n s  such 
as:  s e n s o r  e r r o r s ,  gyro d r i f t ,  s p a c e c r a f t  mass u n c e r t a i n t i e s  
and a tmospher ic  d e n s i t y  v a r i a t i o n s .  Consequent ly ,  t h e s e  
estimates must b e  supplemented by a p r o p e l l a n t  or impulse d i s -  
p e r s i o n *  a n a l y s i s ,  p a r t i c u l a r l y  i f  t i g n t  margins  e x i s t  on 
p r o p e l l a n t  f o r  o t h e r  mis s ion  a c t i v i t i e s  (e .g . ,  maneuvers t o  
s u p p o r t  e x p e r i m e n t s ) .  

A method i s  p r e s e n t e d  i n  t h i s  memorandum f o r  e v a l -  
u a t i n g  t h e  impulse d i s p e r s i o n  due t o  v a r i o u s  parameter  u n c e r t a i n -  
t ies .  I n  t h e  n e x t  s e c t i o n  an impulse d i s p e r s i o n  model i s  de- 
scribed and a b a s i s  f o r  c a l c u l a t i n g  t h e  mean and v a r i a n c e  of 
t h e  impulse d i s p e r s i o n  i s  d i scussed .  
numer i ca l  r e s u l t s  o b t a i n e d  from app ly ing  t h i s  approach t o  t h e  
Workship-Atti tude-Control-System (WACS) ho ld ing  t h e  OWS/CSM 
c o n f i g u r a t i o n  i n  t h e  X-POP a t t i t u d e  mode are g iven .  

I n  t h e  f o l l o w i n g  s e c t i o n  

* P r o p e l l a n t  d i s p e r s i o n  i s  d e f i n e d  as t h e  d i f f e r e n c e  i n  
t h e  p r o p e l l a n t  r equ i r emen t  f o r  a t t i t u d e  ho ld  w i t h  nominal and 
of f -nominal  system and envi ronmenta l  pa rame te r s .  
p r o p e l l a n t  d i s p e r s i o n  and impulse d i s p e r s i o n  are used  synon- 
ymously. Impulse r e p r e s e n t s  t h e  f o r c e  i n p u l s e  / F d t  produced 
by a t h r u s t e r  f i r i n g  and i s  r e l a t e d  t o  expended p r o p e l l a n t  
w e i g h t  ( P )  by t h e  p r o p e l l a n t  s p e c i f i c  impulse ( I  ) :  

The t e r m s  

SP 
P = /Fdt / I  

SP 
Bence e v a l u a t i o n  o f  t o t a l  impulse,  1 / F , d t ,  i s  s u f f i c i e n t  t o  

.I. i . 
I 
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2.0  IMPULSE DISPERSION MODEL 

While a large number of  parameters  may be r e q u i r e d  
i n  modeling any p a r t i c u l a r  a t t i t u d e  c o n t r o l  system and o p e r a t i n g  
mode only  c e r t a i n  parameters  have a s i g n i f i c a n t  i n f l u e n c e  on t h e  
a t t i t u d e  ho ld  impulse requirements .  
p r e s e n t  the d e v i a t i o n  i n  t h e  s i g n i f i c a n t  parameters  from t h e  
nominal case* and I (xl ,  x2, . . . , x ) t he  f u n c t i o n a l  r e l a t i o n s h i p  

between the RCS impulse and the xi (i=l, . . . , n ) .  

s m a l l  parameter  v a r i a t i o n s  a Taylor  series expansion of I about  
t h e  nominal i n c l u d i n g  t e r m s  only throuqh second order y i e l d s * *  

L e t  ( x ~ ,  x 2 ,  . . . , x ) re- n 

n 
For s u f f i c i e n t l y  

I = I + bTx t 1 x T A  x 
0 - -  2 -  - 

where 

and 

Here Io r e p r e s e n t s  t h e  nominal impulse cor responding  t o  x = 0 

and t h e  r e s p e c t i v e  e lements  of b and A r e p r e s e n t  f i r s t  and second 
o r d e r  s e n s i t i v i t y  c o e f f i c i e n t s .  The impulse d i s p e r s i o n  model 
i s  now d e f i n e d  as 

- - 

- 

*For t h e  nominal case all xi = 0 .  Non-zero mean v a l u e s  of 

x (i=l, ..., n )  can be accounted f o r  by a mean impulse d i s p e r s i o n  

which w i l l  b e  c a l c u l a t e d  and then  inc luded  i n  t h e  nominal impulse 
r e q u i r e d  f o r  t h e  mode. 

i 

**T r e p r e s e n t s  t h e  ma t r ix  t r a n s p o s e  o p e r a t i o n .  
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I n c l u s i o n  of t h e  second o r d e r  term i n  x accoun t s  
f o r  parameter  d e v i a t i o n s  which may have  u n i d i r e c t i o n a l *  and/or  
c ros s -coup l ing  effects  on impulse d i s p e r s i o n .  
v i a t i o n s  which have a mutual ly  c a n c e l l i n g  e f f e c t * *  may a l s o  
be i n c l u d e d  i n  t h i s  model, s i n c e  it is  o n l y  n e c e s s a r y  t o  d e f i n e  
an x as a l i n e a r  combinat ion of  t h e s e  parameters .  I f  yi , . . . I 
y i r  

P a x a m e t e r  de- 

i 
r e p r e s e n t  such  pa rame te r s ,  t h e n  

where t h e  dk are known c o n s t a n t s  a s s o c i a t e d  w i t h  a p a r t i c u l a r  
a t t i t u d e  c o n t r o l  system model. 

U s e  o f  t h e  model i n  E q .  ( 5 )  f o r  c a l c u l a t i o n  of impulse 
d i s p e r s i o n s  r e q u i r e s  e v a l u a t i o n  of  t h e  s e n s i t i v i t y  c o e f f i c i e n t s  
i n  b and A co r re spond ing  t o  t h e  pa rame te r  d e v i a t i o n s  x. Eval-  
ua tyon  of  s e n s i t i v i t y  c o e f f i c i e n t s  i s  t r e a t e d  i n  t h e  f o l l o w i n g  
s u b s e c t i o n s .  

Parameter d e v i a t i o n s  g e n e r a l l y  are n o t  known e x a c t l y  
b u t  on ly  i n  some p r o b a b i l i s t i c  s e n s e .  E v a l u a t i o n  o f  t h e  mean 
and v a r i a n c e  of t h e  impulse d i s p e r s i o n  assuming t h a t  t h e  e l emen t s  
of x are independent,Normal random variables i s  t r e a t e d  i n  
Sec-fion 2.2. I f  t h e  x i a r e  n o t  N o r m a l  and p r o b a b i l i t y  d i s t r i b u t i o n s  
are  a v a i l a b l e ,  t h e  model i n  Eq.  ( 5 )  can be used f o r  a Monte C a r l o  
a n a l y s i s  t o  de t e rmine  t h e  d i s t r i b u t i o n  f u n c t i o n  and o t h e r  s t a t i s t i c a l  
pa rame te r s  o f  A I .  This  approach u t i l i z e s  numerous c a l c u l a t i o n s  o f  A I  
w i t h  5 o b t a i n e d  by random sa-mpling of  t h e  x i  from i n d i v i d u a l  
d i s t r i b u t i o n s .  
2.1 

i m p o s s i b l e  t o  o b t a i n  i n  p r a c t i c e .  
of t h e  s e n s i t i v i t y  c o e f f i c i e n t s  i s  n e c e s s a r y .  
s i m u l a t i o n  of t h e  a t t i t u d e  c o n t r o l  system f o r  a p a r t i c u l a r  a t t i t u d e  
mode w i t h  v a r i o u s  v a l u e s  of xi chosen from t h e  expec ted  r ange  o f  
v a r i a t i o n .  

xumer ica l  E v a l u a t i o n  o f  S e n s i t i v i t y  C o e f f i c i e n t s  
An a n a l y t i c a l  r e l a t i o n s h i p  f o r  t h e  R C S  impulse I i s  v i r t u a l l y  

Consequent ly  numer ica l  e v a l u a t i o n  
Th i s  i n v o l v e s  computer 

*For i n s t a n c e  gyro d r i f t  a lone w i t h  s p a c e c r a f t  h e l d  i n  t h e  POP 
a t t i t u d e  mode i n c r e a s e s  impulse r equ i r emen t s  r e g a r d l e s s  o f  t h e  
a l g e b r a i c  s i g n  associated w i t h  t h e  d r i f t .  

**Examples are a t t i t u d e  s e n s o r  e r r o r  and t h e  e r r o r  i n  
l o c a t i o n  of s p a c e c r a f t  p r i n c i p a l  axes due t o  u n c e r t a i n t i e s  
i n  mass c h a r a c t e r i s t i c s .  
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The RCS impulse ob ta ined  w i t h  a l l  xi = 0 i s  t h e  
Impulse d i f f e r e n c e s  [I  (xi)-Io]  ob ta ined  f o r  nominal,  Io. 

v a r i o u s  v a l u e s  of  a p a r t i c u l a r  parameter  d e v i a t i o n  (xi)  may 
b e  used t o  p l o t  an impulse d i s p e r s i o n  c h a r a c t e r i s t i c  such as 
shown i n  .Figure 1. 

FIGURE 1 - IMPULSE DISPERSION CHARACTERISTIC FOR PARAMETER X, 

The r e s p e c t i v e  bi and aii e lements  i n  b and A can then  be ob- 

t a i n e d  by a l i n e a r  + p a r a b o l i c  f i t  t o  t h i s  c h a r a c t e r i s t i c ,  
name l y  

- 

1 2 
AI(xi)  = bixi + 7 a x ii i (7) 

Impulse d i f f e r e n c e s  ob ta ined  f o r  v a r i o u s  va lues  of 
t w o  parameters  ( x  x # 0 )  y i e l d  a fami ly  of impulse d i s p e r s i o n  
character is t ics  such a s  shown i n  F igu re  2a. 
a t  xi = 0 f o r  each curve  ( x i  = c o n s t a n t )  y i e l d s  t h e  d i s p e r s i o n  

i' j 
The  s l o p e  aI/axi 

.J 

s l o p e  c h a r a c t e r i s t i c  shown i n  F igu re  2b. 
l i n e  f i t  t o  t h i s  d a t a  r e p r e s e n t s  t h e  element  a i n  A. 

The s l o p e  of a s t r a i g h t  

i j  

The amount of d a t a  r e q u i r e d  t o  e v a l u a t e  s e n s i t i v i t y  
c o e f f i c i e n t s  i n  t h i s  manner i n c r e a s e s  r a p i d l y  wi th  t h e  number 
of parameters  ( n ) .  Due t o  computer t i m e  c o n s t r a i n t s  RCS impulse 
I ( x i )  would be e v a l u a t e d ,  as a p r a c t i c a l  m a t t e r ,  on a p e r  o r b i t  
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F I G U R E  2 - IMPULSE DISPERSION A N D  DISPERSION SLOPE CHARACTERISTICS FOR PARAMETERS Xi A N D  Xi 

basis  rather t h a n  ove r  a whole miss ion .*  
A I k  r e p r e s e n t  t h e  nominal and d i s p e r s i o n  impulse f o r  t h e  k t h  

o r b i t ,  t h e  t o t a l  impulse i n  an N o r b i t  miss ion  i s  

Thus,  i f  Iok and 

N 

However, i f  long  t e r m  effects  such a s  a l t i t u d e  decay and 6 
ang le  changes have an i n s i g n i f i c a n t  e f f ec t  on t h e  s e n s i t i v i t y  
c o e f f i c i e n t s  t h e  t o t a l  impulse i s  

N 

k = l  
I T  = ‘ok + N A I  

where A I  r e p r e s e n t s  t h e  d i s p e r s i o n  impulse p e r  o r b i t  based on 
E q .  ( 5 )  w i t h  b and A cons t an t .  Depending on m i s s i o n  d u r a t i o n  
and o r b i t a l  paramters  t h e  nominal impulse I a l s o  may n o t  v a r y  ok  

* E f f e c t s  of a r b i t r a r y  i n i t i a l  c o n d i t i o n s  ( s p a c e c r a f t  
a t t i t u d e  and ra te )  g e n e r a l l y  can be accounted for  by  computing 
t h e  average i m p u l s e / o r b i t  i n  a 10-20  o r b i t  s i m u l a t i o n .  



BELLCOMM, I N C .  - 6 -  

apprec iab ly .  
average t h e  b e s t  and wors t  case nominal impu l se /o rb i t .  
s e q u e n t l y ,  IT becomes 

I n  t h a t  case a r easonab le  approximation is  t o  
Con- 

’L N r o b  + ‘Ow + A I )  
I T  2 ( 1 0 )  

where Iob and Iow r e p r e s e n t  impulse /orb i t  for b e s t  and w o r s t  
case condi ti-ons on slowly ~-7aryi-11 parzmetar- 
a l t i t u d e  and B a n g l e ) .  

! e  I 9. , o r b i t a l  

2 . 2  Mean and V a r i a n c e  of Impulse Dispers ion  

I n  t h e  absence of hard s t a t i s t i c a l  d a t a  on a l l  param- 
e ter  d e v i a t i o n s  one approach t o  de te rmining  t h e  impact on impulse 
d i s p e r s i o n s  i s  t o  t r ea t  a l l  xi as independent ,  Normal random 
v a r i a b l e s  wi th  mean mi and va r i ance  o 2  

and v a r i a n c e  of t h e  impulse d i s p e r s i o n  a r e  g iven  by 
The cor responding  mean i’ 

and 

Expres s ions  f o r  E and o 2 ( A I )  are de r ived  i n  Appendix A. The 
r e s u l t s  are 

and 
1 AT-” T 

. * ( A I )  = ’2- u Au - + (b+A - m) - A @+A 2) (14) 
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where 

A 

A =  

and 

- 
A =  

2 2 
I n  2 a  12 ... a 11 a 

2 
22  2 a  1 2  a 

. . . 
: 2  ' * 2  a . . . . . . . . . . a nn 

( n  x n )  

(17) 

(18) 

Two s p e c i a l  cases a r e  of i n t e r e s t :  a )  no c ross -p roduc t  t e r m s  
(aij = 0) and b) a l l  xi have ze ro  means (m = 0). i 

a) a i .  = 0: A = A ,  A = 

- T 1 T  T AI = b m + -  ( a  A 0 + m A m )  - -  2 -  - - - 
2 1 " T  2 ^  T u (AI) = 7~ A - u + (b+A - m) - A (b_+A m) - 

(19) 

( 2 0 )  
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b) mi = 0 :  - 
A I  = I uTA - u 2 -  

T l*T-* a 2 ( A I )  = b Ab + -u Au 2- - - -  

I n  t h e  second case  it is  observed t h a t  E # 0 ,  as 
a r e s u l t  of t h e  second o r d e r  t e r m  i n  t h e  impulse d i s p e r s i o n  
model, Eq. (5). 

3 . 0  APPLICATION TO WACS IMPULSE mQUIREMENT 

I n  AAP miss ions  1 / 2  and 2/3A a t t i t u d e  hold  of t h e  OWS/ 
CSM c o n f i g u r a t i o n  was t o  be  performed by t h e  WACS p r i m a r i l y  i n  
t h e  X-POP mode* f o r  28 and 56 day p e r i o d s .  I n  t h i s  s e c t i o n  
numerical  r e s u l t s  ob ta ined  i n  app ly ing  t h e  fo rego ing  approach 
t o  e s t i m a t i n g  WACS impulse requirements  f o r  X-POP a t t i t u d e  ho ld  
are p resen ted .  A d i g i t a l  s imu la t ion  of t h e  WACS was u t i l i z e d  t o  
o b t a i n  a l l  impulse d a t a .  A s i m p l i f i e d  block diagram is  shown i n  
F i g u r e  3 .  

ATTITUDE 
ERROR 

EXTERNAL TOROUES CoMPoSITE THRUSTER 
ERROR TORCIUE 

/ \ 
/ 

/ 

! PSEUDO-RATE r MODULATOR SPACE C R A F T 
DYNAMICS + AND COMMAND ATTITUDE - 4 4  A 0  + -I THRUSTER SYSTEM 

1 

A1 

COMMAND 
RATE 

i 
1 I 

ELECTRONIC GYRO SPACECRAFT 
INTEGRATORS & 4 RATE 
UPDATE LOGIC SENSORS 

ATTITUDE 
SENSORS 4 

ANGULAR VELOCITY 
- 

I 

FIGURE 3 .  SIMPLIFIED BLOCK DIAGRAM OF WACS 

*In  the X-POP mode the s p a c e c r a f t  r o l l  ( x )  a x i s  i s  
nominal ly  a l i g n e d  pe rpend icu la r  t o  t h e  o r b i t a l  p l a n e  and t h e  
p i t c h  (y) a x i s  a l i g n e d  normal t o  t h e  sun 1 i n e . l  See F i g u r e  C 
a f t e r  Appendix B. Con t ro l  requi rements  i n c l u d e  +0.5' a t t i t u d e  
hold on a l l  axes  w i t h  a t t i t u d e  upda t ing  once pe r -o rb i t  v i a  
ho r i zon  s e n s o r s  ( p i t c h ,  yaw) and a sun s e n s o r  ( r o l l ) . l  
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While many parameters have an e f f e c t  on impulse re- 
qui rements ,  those cons idered  t o  have t h e  most impact a r e :*  

1. d r i f t  i n  gyro r a t e  s e n s o r s  and e l e c t r o n i c  
i n t e g r a t o r s  ( p i t c h ,  yaw axes )  ; 

2. inaccuracy  of horizon s e n s o r s  ( p i t c h ,  yaw 
axes 1 : 

3 .  u n c e r t a i n t y  i n  d i f f e r e n c e  between p i t c h  and 
yaw axes  i n e r t i a s ;  

I n  Table  1 t h e  parameters  a r e  l i s t e d  a long  wi th  cor responding  
s e n s i t i v i t y  c o e f f i c i e n t s  and s t a t i s t i c a l  d a t a  ( m i ,  a . )  used 
f o r  each xi. 1 

I n  t h e  course  of e v a l u a t i n g  t h e  s e n s i t i v i t y  c o e f f i c i e n t s * *  
i t  w a s  determined t h a t  a s i m p l e  p a r a b o l i c  fit  (bi=O, aii # 0 )  

cou ld  be made i n  f o u r  cases, a s imple  l i n e a r  f i t  (bi#O, aii = 0 )  

could  be made i n  t h e  o t h e r  three cases, and i n  n e a r l y  a l l  c a s e s  cross- 
produc t  c o e f f i c i e n t s  ( a i j )  were ze ro  o r  had n e g l i g i b l e  e f f e c t .  
Furthermore,  long term e f f e c t s  ( a l t i t u d e  decay-10 N M ,  B change- 
58.5') had only  s l i g h t  e f f e c t  on t h e  nominal impulse a s  i n d i c a t e d  
by Iob and Iow i n  T a b l e  2 .  Hence, t h e  s imple r  r e s u l t  i n  Eq. ( 1 0 )  
i s  a p p l i c a b l e  f o r  e v a l u a t i n g  t o t a l  impulse IT. 
a f 0 ,  t h e  e x p r e s s i o n s  i r .  E q s .  ( 1 3 )  and (14) a re  used  to 
e v a l u a t e  E and 0 ( A I ) .  

S ince a l l  

2 i j  

The mean t o t a l  impulse 'cT i s  then  given by 

where  IoT r e p r e s e n t s  t h e  nominal impulse over  N o r b i t s .  

*Other f a c t o r s  which s i g n i f i c a n t l y  a f f e c t  impulse r e q u i r e -  
ments are t h r u s t e r  impulse l e v e l  and system e r r o r  deadbands. 
Elowever, t h e s e  were cons idered  f i x e d  a t  t h e  des ign  v a l u e s  s t a t e d  
i n  Reference 1. Sun s e n s o r  inaccuracy  and g y r o / i n t e g r a t o r  d r i f t  
a s s o c i a t e d  wi th  r o l l  a x i s  c o n t r o l  had n e g l i g i b l e  e f f e c t  on i m -  
p u l s e  requi rements .  

**Impulse c h a r a c t e r i s t i c s  cor responding  t o  F igu res  1 and 2 
are i n c l u d e d  i n  Appendix B as w e l l  as o t h e r  r e f e r e n c e  in fo rma t ion  
on d a t a  used i n  t h e  WACS s imula t ion .  
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NOMINAL DISPERSION 

** %b + b w  
*ow 'ob' - 2 d?l 0 un 

89.6 82.6 86.1 4.0 4.8 
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IMPU LSElMl SSl ON 
(LB-SEC) 

28 DAYS * * *  56 DAYS"'. 

- 
Io T N I T  'OT N A l  d ~ )  

37,550 1,750 2,100 75,445 3,515 4,240 

The d i s p e r s i o n  abou t  t h i s  mean impulse i s  o ( I T )  = N a ( A 1 ) .  

The v a l u e s  of IoT, N E  and o ( I T )  co r re spond ing  t o  t h e  
d a t a  i n  Table 1 are t a b u l a t e d  i n  Table  2 f o r  b o t h  28  and 56  day 
mis s ions .  The r e l a t i v e  importance of  t h e  v a r i o u s  parameter  
d e v i a t i o n s  i s  shown i n  Table  3 which l i s t s  and a ( A 1 )  f o r  each  
x t a k e n  s e p a r a t e l y ,  and i n  p a i r s  (x i , x  ) when c ross -coup l ing  
i s  n o t  n e g l i g i b l e  ( a i j  # 0 ) .  

t h e  mean impulse r equ i r emen t ,yT , fo r  X-POP a t t i t u d e  ho ld  o f  t h e  
o;Js,/cs~.~ for 2 8  aiid 56  day dura-.ioTls is 1 1 8 , 2 6 0  lb-szc 
w i t h  a s t a n d a r d  d e v i a t i o n  a ( 1  ) = 6,340 lb-sec. Basing impulse 
r equ i r emen t s  on a l a  upper l i m i t ,  namely [T 
124,600 l b s - s e c  as t h e  requirement .  

i j 
On t h e  b a s i s  o f  t h i s  a n a l y s i s  

T 
+ 5 ( I T ) ] ,  y i e l d s  T 

TABLE 3 - RELATIVE EFFECT OF PARAMETER DEVIATIONS ON IMPULSE DISPERSION 
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4.0  SUMMARY AND CONCLUSIONS 

E v a l u a t i o n  of RCS impulse d i s p e r s i o n  ( A I )  due t o  v a r i o u s  
parameter  u n c e r t a i n t i e s  (x . . . , x ) i n  a t t i t u d e  h o l d  modes h a s  1' n 
been fo rmula t ed  i n  t e r m s  of an impulse d i s p e r s i o n  model. The 
model i n c l u d e s  f i r s t  and second o r d e r  f u n c t i o n s  o f  t h e  parameter  
u n c e r t a i n t i e s ,  namely" 

where b and A are (n  x 1) and (n  x n )  s e n s i t i v i t y  c o e f f i c i e n t  
matrices. 
based  on impulse d a t a  ob ta ined  from computer s i m u l a t i o n  o f  
t h e  a t t i t u d e  c o n t r o l  system h a s  been d e s c r i b e d .  The r e s u l t s  
of  e v a l u a t i n g  t h e  mean impulse d i s p e r s i o n  (E)  and t h e  v a r i a n c e  
of  t h e  impulse d i s p e r s i o n u  ( A I )  under  t h e  assumption of  inde-  
pendent ,  Normal parameter  u n c e r t a i n t i e s  are g iven  i n  E q s .  ( 13 )  
and ( 1 4 ) .  

Numerical e v a l u a t i o n  o f  s e n s i t i v i t y  c o e f f i c i e n t s  

2 

WACS impulse requi rements  f o r  a t t i t u d e  h o l d  of  t h e  
OWS/CSM c o n f i g u r a t i o n  i n  t h e  X-POP mode d u r i n g  28 and 56 day AAP 
1 / 2  and 2/3A m i s s i o n s  were e v a l u a t e d  on t h e  bas i s  of  t h i s  model. 
Parameter u n c e r t a i n t i e s  cons idered  w e r e  h o r i z o n  s e n s o r  i n -  
accu racy ,  gyro  and e l e c t r o n i c  i n t e g r a t o r  d r i f t  as w e l l  as un- 
c e r t a i n t i e s  i n  a tmospher ic  d e n s i t y  and s p a c e c r a f t  m a s s  c h a r a c t e r -  
i s t ics .  The t o t a l  impulse requi rement  f o r  X-POP a t t i t u d e  h o l d  
i n  t h e  2 8  day and 56  day miss ions  w a s  found t o  be  1 2 4 , 6 0 0  ib-sec 
i n c l u d i n g  a l o  impulse d i s p e r s i o n  o f  6 , 3 4 0  l b - sec .  
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APPENDIX A 

2 Evalua t ion  of E and u ( A I 1  

The purpose of t h i s  appendix i s  t o  o u t l i n e  t h e  pro- 
cedure  f o r  c a l c u l a t i n g  t h e  mean and v a r i a n c e  o f  t h e  f u n c t i o n  

A I  = b T X +  + z T A  x - - -  (A- 1) 

where b i s  (n  x 1) and A i s  ( n  x n )  and s y m m e t r i c .  The elements  
o f  x are independent,  j o i n t l y  N o r m a l  random v a r i a b l e s  so t h a t  - 

E ( X i )  = m i i = 1, ..., n (A-2 1 

E ( x  x x ) = i j k  

E (xixjxkxl) = 

Lmi  mj 

m m m  i f j f k  i j k  

(A-3)  

(A- 4 1 

( 3 0 i 4  + 6oi2mi2 + m i 4 ,  i = j = k = l  

i = j = k f l  ml mi (30 i 2 + m 2 )  i 

2 (o i2  + m i 2 ,  ( u k 2  + % ) i = j # k = l  ( A - 5 )  

mk ml ( o i 2  + m i 2 ,  i = j # k f l  

I f  t h e  e l e m e n t s  of x are independent ,  b u t  n o t  Normal, moments 
of t h e  xi up t o  f o u r t h  o r d e r  must be known. 
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- A-2 - 

I n  subsequent  c a l c u l a t i o n s  the fo l lowing  v e c t o r s  and matrices 
are used 

- 
A 

2 

. 
* 2  
In  a 

... a 2 7  a12 I n  j 

( n  x n) 

a 2 2 2  

........ a nn 

- 
A . l  Mean Value of A I :  A I  

(n x 1) 

(n x n)  

(n x n )  

(A-6) 

( A - 7 )  

( A - 8 )  

( A - 9 )  

( A - 1 0 )  
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- A - 3  - 

S u b s t i t u t i o n  of Eqs. (A-2 )  and A-3)  i n t o  (A-10)  and a r r a n g e m e n t  
of terms y i e l d s  

- T 1 T  T A I  = b m + - ( a  A u + m A m )  - -  2 -  - - - (A-11) 

A . 2  V a r i a n c e  of A I :  u 2 ( A I )  

T 2  T T 1 T 2 -2 = E [ ( b  X )  I + E [ ( b  X ) ( X  A x)] + E [ ( x  A X )  1-01 - - - - -  - -  - 

( A - 1 2 )  

n n  
E[(k T 2  E )  1 = x b i  b j  E ( x . x . )  

i j  1 7  
( A - 1 3 )  

= bT - A b - + ( b T m ) 2  - -  

A . 2 . 2  E [  (bTx) ( x T A  - x)  I - -  - 

k f i  

( A - 1 4 )  
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A P P E N D I X  A 

- A-4 - 

S u b s t i t u t i o n  of Eq. (A-4)  i n t o  (A-14)  and arrangement of t e r m s  
y i e l d s  

( A - 1 5 )  
T 2 A.2.3 E [ ( x  A x) ] - - 

n n n n  
E [  ( x ' ~ A  - x ) ~ ]  - = 1 1 aijaklE(xixjxkxl) 

i j k l  

2 n n  n n  
2x 2 ,  + 2 11 a i j  ~ ( x ~ ~ x  * )  

2 
= f a ii E(xi4)  + 

k i j  j 1 aiiakkE(xi i i k  
i f k  ifj 

n n  n n n  

i j  1 1  i j k  
i f j  i#jfk 

+ 4 1 ~  a i j a j j E ( x . x  3 ,  + 4 C ~ C  aijakk E ( x  x x k 2 ,  

(A-16) 

S u b s t i t u t i o n  of Eq. (A-5) i n t o  ( A - 1 6 )  and arrangement of t e r m s  
y i e l d s  

( A - 1 7 )  
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A . 2 . 4  C a l c u l a t i o n  of u 2 (AI) 

- A-5 - 

(A-17)  i n t o  

U 2 ( * I )  = 

- - 

S u b s t i t u t i o n  of E q s .  ( A - l l ) ,  ( A - 1 3 )  ( A - 1 5 )  and 
(A-12  yields 

T T T 1*T- A p- A u + b A b + 2b A A m  + 

-?o A u + ( b + A  m I T  A ( b + A  m) 

m AAA m - - - - - - 

1 ^ T -  A 

- - - - - L- 

( A - 1 8 )  



BELLCOMM, INC. 

APPENDIX B 

WACS Simulation Parameters and Impulse Dispersion Characteristics 

This appendix contains pertinent WACS impulse dispersion 
characteristics and reference information on input data used in 
the WACS simulation. 

B.l Impulse Dispersion Characteristics 

In Figures B.l and B . 2  are shown impulse dispersion 
characteristics corresponding to Figure 1 for parameters 
(x,, ..., x,) defined in Table 1. 
slope characteristics corresponding to Figure 2 are shown in 
Figure B-3 for parameters (x,,x,) and (x2,x4). Dots on each 
qraph denote data points obtained from the WACS simulation.* 

Impulse dispersion and dispersion 

B . 2  WACS Simulation Parameters 

a. Mass Characteristics - inertias, center of mass 
location and principal axes 
direction cosines based on 
data in Reference 2 (Case 7). 

b. Control Law Parameters - based on data in Reference 1. 

c. Atmospheric Density - based on MSFC atmospheric density 
model described in Reference 3 .  

d. Aerodynamic Torque Model - analytical model based on 
cylinder and flat plate approxi- 
mation to OWS/CSM configuration.** 

e. Orbital Parameters - inclination = 35" 

orbital altitude = 210 NM 

f. Thruster Minimum Impulse - 1.25 lb-sec. 

* Data points on each graph represent average impulse/orbit 
based on 10-20 orbit simulations. 

**  This analytical model is in close agreement with MSFC 
aerodynamic data in Reference 4 .  Details of the model and a 
comparison with MSFC aerodynamic data will be reported in a 
future memorandum. 
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AI(LB(EC) 
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AI (LB-SEC) 
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